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Re´sume´ :
Les ondes de choc convergentes peuvent produire des concentrations d’e´nergie tre`s e´leve´es, qui sont
importantes pour la fusion par confinement inertiel. Des obstacles ont e´te´ utilise´s re´cemment pour
cre´er des configurations de chocs plus stables. Dans ce papier, la stabilite´ de cette configuration est
ve´rifie´e en tenant compte des incertitudes du set-up expe´rimental dans la simulation nume´rique. Un
solveur non-structure´ eule´rien base´ sur une approche couple´e volumes finis/e´le´ments finis est couple´
avec une me´thode base´e sur le Chaos Polynomial. Cette analyse permet d’e´tudier la variabilite´ de
l’e´nergie et tempe´rature maximale. De plus, la forme de l’obstacle est optimise´e afin de maximiser la
concentration d’e´nergie.
Abstract :
Converging shock waves have the ability to generate high energy concentrations, important for inertial
confinement fusion applications. In order to create more stable shock configurations, recently, it has
been proposed to shape the shock front by the means of obstacles. In this work, the stability of this confi-
guration is verified by means of a stochastic numerical simulation, taking into account uncertainties of
the experimental set-up, as for example, the inlet conditions, the shape and position of the obstacles.
For this reason, an eulerian unstructured grid solver based on a mixed finite volume/finite element
approach is coupled with a Polynomial Chaos method. This analysis allows estimating the variability
of the maximal temperature and energy. Finally, obstacle shape is optimized in order to maximize the
energy concentration and thus provide useful remarks for improving the experience.
Mots clefs : converging shock waves ; robust optimization ; uncertainty quantification
1 Introduction
The efficient generation of ultrahigh pressure is one of the key issues in research related to high
energy density physics. One of the possible techniques deals with the direct cumulation of the energy
due to converging cylindrical and spherical shock waves. Possible applications, among other, of this
technique are the ignition of a target for Inertial Confinement Fusion (ICF) reaction, the study of the
sonoluminescence and the design of nuclear devices.
A large number of studies have been carried out on focusing shock waves following the seminal ana-
lytical work of Guderley [1] on 1942 in which he derived a self-similar solution for the radius of the
converging shock wave as a function of the time. The first experimental work on converging shock waves
is due to Perry and Kantrowitz [2] in which both converging and diverging shock are reproduced. In
this work one of the key issues has been found : creating a perfect cylindrical shock becomes more
difficult as the Mach number of the shock increase. In particular they suggested that the irregular ope-
ning of the membrane is enough to induce a lack of symmetry. Since their work many work have been
produced to further investigate the behavior of a shock wave under the presence of disturbances. From
the point-of-view of the the shock dynamics, following the fundamental work on the shock dynamics of
Whitham [3], in many works the behavior of the converging shock waves has been analyzed in term of
regular polygonal shapes undergoing Mach reflection and reconfiguring. In particular they have been
demonstrated that n−corner polygonal shock reconfiguring in 2n−corner shock until the focusing.
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After the focusing the reflected waves recover the cylindrical configuration irrespectiveless from the
shape before focusing. In [4, 5], both numerically and analytically, the stability of triangular shock
shapes, exhibiting regular reflection, have been demonstrated to be stable for certain Mach number
and initial conditions. Polygonal shock waves have been also studied numerically and experimentally
by Apazidis and others in a series of papers [6, 7]. In the works [7, 8] the concept of reshaping the
shock wave front by means of cylindrical obstacles have been studied systematically experimentally
and numerically. In particular, experimentally, they obtained a more efficient configuration for the
shape of the obstacles introducing lenticular obstacles in the chamber [8]. As it will be detailed in the
following this approach represent the state-of-the art regarding the method to reshape a converging
shock waves and the present work is greatly based on the results obtained in [8]. In a recent work De
Santis el al. [10] numerically shown that the reshaping for three dimensional spherical shocks can be
more difficult comparing the effect of a single obstacle in a focusing cylindrical/spherical shock.
The aim of this paper is to perform a robust shape optimization of the obstacle by taking into account
several experimental uncertainties, thus yielding a more stable and performing shock configuration.
Section 2 presents governing equations and numerical methods. Optimization problem is formulated
in section 3. Some results are finally presented in section 4.
2 Governing equations and numerical discretization
The Euler governing equations for compressible inviscid flows of interest here are briefly recalled. The
differential form reads
∂u
∂t
+∇·f(u) = 0, (1)
where u = (ρ,m, Et)T, with ρ density, m momentum and Et total energy for unit mass, and where
f(u) is the Euler flux function.
The governing equations (1) are discretized in space with a node-centered Finite Volume (FV) method
Vi
dui
dt
= −
∑
k∈{ki}
Fik(ui,uk,ηik)− Bi, (2)
where Vi is the dual volume, {ki} is the set of neighbors of the node i, Fik(ui,uk,ηik) is a suitable
numerical flux, function of ui, uk and of the metric quantity ηik. In the previous equation, the last
term on the right-hand side is the boundary flux, used to correctly impose the boundary conditions.
The metric quantities that appears in the FV method are efficiently computed from the Finite Element
(FE) integrals by making use of the FE/FV equivalence conditions [9], which allow to extend easily
the FV discretization of the equations to a generic system of reference coordinates, as for example
cylindrical and spherical reference systems [10]. Furthermore, with this approach viscous terms might
be computed accurately.
The numerical flux used is the second-order TVD flux
Fik(ui,uk,ηik) =
1
2
[(
f(ui) + f(uk)
)
ηik +
(
Ψik − I
)
|Aˆik|(uk − ui),
]
where Aˆik is the Roe matrix, Ψik is the van Leer limiter and I is the identity matrix. In such a way
the numerical solution is second order accurate in smooth regions and monotonicity of the solution
is preserved near discontinuities. The Eq. (2) is integrated in time with a second order Backward
Differentiation Formula (BDF) method, the resulting implicit non-linear system is solved at each time
step by means of a Newton scheme with a dual time step approach.
Concerning the optimization method, a multi-objective Pareto-based genetic algorithm (MOGA) is
used. The MOGA applied in this study is the Non-Dominated Sorting Algorithm proposed by Srinivas
and Deb. For taking into account the uncertainties, this optimizer is coupled with a Polymial Chaos-
based method (see [11] for more details).
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Figure 1 – Drawing of the problem setup, the bold curves represent the actual numerical domain and
the dashed circle represents the initial position of pressure discontinuity
3 Problem formulation
The problem configuration is showed in Fig. 1, however, due to the symmetry of the problem, it is
possible to perform the simulation on a reduced portion of the domain, resulting in a reduction of
the computational effort. It follows that the actual numerical domain is a one-eighth sector of a circle
with the cord of the obstacle which lies on the x axis of the domain. The domain is discretized with
unstructured grid of triangles and wall-slip boundary conditions are applied on the boundaries.
The implosion is triggered by imposing a initial pressure discontinuity, with a higher value of the
pressure in the outer circular region of the domain. The density is considered uniform and the fluid
at the rest. The initial pressure discontinuity is set at radial distance which is the 80% of the domain
radius, and from the data available [8], it has been found that the experimental setup is reproduced
numerically if a pressure ratio of 11.8 is imposed.
As reference shape of the obstacle a NACA-0012 airfoil is chosen, the airfoil cord is fixed to the 50% of
the domain radius and the distance of the trailing edge of the airfoil from the domain center is taken,
in the reference configuration, as 20% of the domain radius.
In the numerical analysis of the uncertainties, three sources of uncertainties are considered : the
thickness of the airfoil, the distance of airfoil’s trailing edge from the domain center and the intensity
of the pressure jump. In particular, respect to the reference configuration, a range of ±1% is considered
for the three uncertainties.
The upper airfoil surface is parameterized by means of a Bezier curve. This is determined by specifying
the coordinates of eight Bezier control points : the fixed leading edge P0 and trailing edge P7, five
control points Pk=2,6(xk, yk), regularly spaced along the chord, with the xk coordinates varying in
distinct sub-intervals of ]0,1[and a control point P1(0, y1), which ensures the upper surface of the
profile is tangent to the y-axis at the leading edge.
Our aim is to find an optimal shape for the obstacle which provides a robust maxima for the tempe-
rature peak. Robust means this shape simultaneously maximizes the mean value and minimizes the
variance of the temperature peak computed when taking into account the physical uncertainties of the
problem. Note this bi-objective problem possesses a set of solutions, forming the global Pareto front
and corresponding to various trade-off between an high mean value and a low variance.
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Figure 2 – Interaction of the shock with the obstacle. On the top row Mach number contours (left)
and numerical schlieren at the early stage of the interaction. On the bottom row are reported the
solutions at two time levels, which show the polygonal form of the shock.
4 Results
4.1 Baseline analysis
Let us show the flow evolution around the NACA0012 obstacle. After the initial propagation in the
unperturbed zone of the flow field, the shock interacts with the obstacle giving rise to the typical
lambda-shock structure. After the interaction with the obstacle, the shock assumes a polygonal form
with a number of corners which oscillate between n and 2n (n number of obstacles) as it moves toward
the center of the domain. Eventually, the shock reaches the origin and produces a great compression
in a small region, which is the effect that must me maximized in order to produce more energy. The
capacity to control this effect is of primary importance, thus its variability with respect to the physical
uncertainties has to be estimated.
5 Optimization
The problem is formulated as follows : find a symmetric airfoil shape such that the mean associated
temperature peak along the radial direction near the origin is maximal, while its variance is minimal.
In the present case, this shape is constrained to satisfy the following conditions : 1) the coordinates
of the leading edge and trailing edge normalized by the airfoil chord are, respectively, (0, 0) and (1,
0) and 2) the thickness-to-chord ratio is 12%.
The parameterization of the obstacle geometry described in the previous section allows generating a
family of airfoil shapes depending on 11 design parameters, which are allowed to vary continuously
between prescribed limiting values. The parameterization allows recovering the classical NACA0012
airfoil.
The initial population, used in MOGA, contains 36 individuals, which are let to evolve during 24
generations. This is enough to reach a stabilized optimum. For each individual, a stochastic simulation
is performed, considering a well-converged 4-th order polynomial chaos order.
The optimal geometry stemming from the optimization run is represented in Figure 3, along with
the baseline NACA0012 airfoil. It is characterized by a thinner nose than the NACA0012. Remark
that a fixed 12% thickness-to-chord ratio is obtained by ad hoc normalization of the airfoil maximum
thickness. In figure 4, the interaction of the shock with the obstacles at four different time levels is
reported by tracing the Mach number contours for the NACA-0012 airfoil and the optimized airfoil.
The optimized profile yields a shock slowing down, that seems related to the final increase of the peak
temperature. In figure 5, profile of the temperature along the radial direction (left) and zoom near the
origin are reported. The mean temperature peak near the origin is improved of nearly 4.9% (with a
standard deviation-to-mean ratio of 0.9%), thus yielding a more performing and stable design. Remark
that the temperature peak variability is somehow reduced with respect to the amount of physical
uncertainties that has been considered (±1%). Note also that the temperature is not maximized
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Figure 3 – NACA0012 and optimized geometry.
along all the radial direction, where the temperature evolution along the NACA12 can be higher than
along the optimized airfoil. This is consistent with respect to the optimization problem since only
the temperature peak is maximized. This behavior displays the strong dependence of temperature
evolution on shape variations. Note also that the solution is reported at the instant of time in which
the highest value of temperature is reached.
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Figure 4 – Mach number contours for the original NACA-0012 airfoil on the top, and for the optimized
airfoil on the bottom.
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Figure 5 – Profile of the temperature along the radial direction (left) and zoom near the origin (right)
for the initial configuration NACA-0012 and for the optimized airfoil.
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